Abstract: In this work we present a systematic study of the proton radioactivity half-lives of spherical proton emitters within the Coulomb and proximity potential model. We investigate 28 different versions of the proximity potential formalisms developed for the description of proton radioactivity, α decay and heavy particle radioactivity. It is found that 21 of them are not suitable to deal with the proton radioactivity, because the classical turning points rin cannot be obtained due to the fact that the depth of the total interaction potential between the emitted proton and the daughter nucleus is above the proton radioactivity energy. Among the other 7 versions of the proximity potential formalisms, it is Guo2013 which gives the lowest rms deviation in the description of the experimental half-lives of the known spherical proton emitters. We use this proximity potential formalism to predict the proton radioactivity half-lives of 13 spherical proton emitters, whose proton radioactivity is energetically allowed or observed but not yet quantified, within a factor of 3.71.
Introduction
The study of exotic nuclei, one of the hot topics in contemporary nuclear physics, led to the discovery of a new decay mode-proton radioactivity. In 1970, Jackson et al. firstly detected the proton radioactivity from the isomeric state of 53 Co to the ground state of 52 Fe in experiment [1] . With the development of experimental facility, the proton radioactivity of nuclei from ground state or low-lying isomer state has been observed in the mass number region A =110-180 [2] . Proton radioactivity, a typical decay mode of odd-Z nuclei beyond the proton drip line, limits the creation of more proton-rich nuclei in the proton side of β-stability line. Moreover, the study of proton radioactivity can obtain some important information of nuclear structure such as the shell structure, the coupling between bound and unbound nuclear states [3] and so on. In addition, proton radioactivity half-life is sensitive to proton radioactivity energy and angular momentum carried out by emitted proton [2] . Therefore, measurements of the half-life and decay energy of proton radioactivity help to determine the angular momentum taken away by the emitted proton and to characterize its wave function inside the nucleus [4] [5] [6] [7] [8] .
The proton radioactivity can be dealt with the Wentzel-Kramers-Brillouin (WKB) method because this process can be treated as a simple quantum tunneling effect through a potential barrier in the same way as α decay. There are many methods to investigate the proton radioactivity such as the density-dependent M3Y effective interaction [9] [10] [11] , the JLM interaction [9] , the unified fission model [7, 12] , the generalized liquid drop model (GLDM) [6] , the cluster model [8] , the deformed density-dependent model [13, 14] , the Gamow-like model [15] , the Coulomb and proximity potential model for deformed nuclei (CPPMDN) [16] , the covariant density functional (CDF) theory [17] , the analytic formula [18] , the distorted-wave Born approximation (DWBA) [19] , the two-potential approach (TPA) [19] , the quasiclassical method [19] and so on [20] [21] [22] .
The proximity potential was put forward by Blocki et al. to deal with heavy ion reaction [23] . As a nucleusnucleus interaction potential, it is based on the proximity force theorem [23, 24] , which is described as the product of a factor depending on the mean curvature of the interaction surface and an universal function (depending on the separation distance) and is independent of the masses of colliding nuclei [25] . It has the advantages of simple and accurate formalism. In order to overcome the shortcomings of the original version of the proximity potential (Prox.1977) [23] , various improvements and modifications have been proposed. Those developments included either a better form of the surface energy coefficients [26] [27] [28] [29] [30] [31] [32] [33] , or introduced an improved universal function or another nuclear radius parameterization [24, 25, [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] .
Recently, comparative studies of various proximity potential formalisms for describing α decay and heavy particle radioactivity have been performed by Yao et al. [46] , Ghodsi et al. [47] and Santhosh et al. [48] , respectively. In addition, the proximity potential formalisms were used to study the heavy ion fusion [49, 50] and ternary fission [51, 52] . In our previous works [53, 54] , we investigated the α decay within the proximity potential 1977 formalism [23] and generalized proximity potential 1977 formalism (gp77, Prox.81) [24, 55] . In these works, the nuclear potential can be obtained easily and the calculations can well conform to the experimental data by using the proximity potential formalism. Therefore, it has been demonstrated that the proximity potential formalism is a simple and convenient approach applicable in different domains of nuclear physics. It is interesting and important to show its capacities and performance to describe various decay modes. Therefore, the main objective of this work is to investigate the applicability of various proximity potentials to proton radioactivity of spherical proton emitters. The calculations indicate that the proximity potential Guo2013 formalism gives the lowest rms deviation in the description of the experimental half-lives of the known spherical protons emitters. Using this proximity potential formalism we predict the proton radioactivity half-lives of 13 spherical proton emitters, whose proton radioactivity is energetically allowed or observed, but has not been quantified yet.
This article is organized as follows. In Section 2, the theoretical frameworks of proton radioactivity half-life and proximity potential formalism are briefly described. The detailed calculations and discussion are presented in Section 3. Finally, a summary is given in Section 4.
Theoretical framework

The proton radioactivity half-life
The proton radioactivity half-life is related to the decay constant λ as
here the decay constant λ can be obtained by
where ν is the assault frequency related to oscillation frequency ω [47] . It can be obtained by
where h is the Planck constant. The zero-point vibration energy E ν is proportional to proton radioactivity energy Q p [56] , which can be obtained by
(4) P , the semiclassical WKB barrier penetration probability, can be calculated by
where k(r) = denotes the reduced mass of the two-body system with m 1 being the daughter nucleus mass and m 2 being the proton mass.
is the reduced Planck constant. r is the distance between the centers of the emitted proton and of the daughter nucleus. V (r) and Q p are the total proton-core interaction potential and proton radioactivity energy, respectively. r in and r out are the classical turning points, they satisfy the conditions V (r in ) = V (r out ) = Q p .
The total interaction potential V (r), between the emitted proton and daughter nucleus, is composed of the nuclear potential V N (r), Coulomb potential V C (r) and centrifugal potential V l (r). It can be expressed as
In this work we adopt the proximity potential formalism to calculate the emitted proton-daughter nucleus nuclear potential V N (r). The details are given in Section 2.2. V C (r) is a Coulomb potential hypothesized as the potential of a uniformly charged sphere of radius R:
2 ], r < R,
where R = R 1 +R 2 . R 1 and R 2 denote the radii of daughter nucleus and emitted proton, respectively. Various expressions for R i (i = 1, 2) within different proximity potential formalisms are given in Section 2.2. Z 1 and Z 2 are the proton number of daughter nucleus and emitted proton, respectively.
For the centrifugal potential V l (r), we adopt the Langer modified form, because l(l+1)→(l+
2 is a necessary correction for one-dimensional problems [57] . It can be expressed as
where l is the angular momentum taken away by the emitted proton. The minimum angular momentum l min taken away by the emitted proton can be obtained by the conservation laws of spin and parity.
The proximity potential formalism
In the present work we select 28 versions of proximity potential formalisms to calculate the proton-daughter nucleus nuclear potential V N (r), which are: (i) Bass73 [34, 35] and its revised versions Bass77 [36] and Bass80 [37] , (ii) CW76 [38] and its revised versions BW91 [37] and AW95 [39] , (iii) Ngô80 [40] , (iv) Denisov [41] and its revised version Denisov DP [25] , (v) Guo2013 [42] , (vi) Prox.77 [23] and its 12 modified forms on the basis of adjusting the surface energy coefficient [26] [27] [28] [29] [30] [31] [32] [33] , (vii) Prox.81 [24] , (viii) Prox.00 [43] and its revised versions Prox.00 DP [25] , Prox.2010 [44] , and Dutt2011 [45] . We find that only 7 of total 28 versions of the proximity potential formalisms can be used to deal with proton radioactivity, which are Bass73 [34, 35] , CW76 [38] , Denisov [41] , Denisov DP [25] , Guo2013 [42] , Prox.00 DP [25] and Prox.2010 [44] . For the other versions of the proximity potential formalisms in process of handling some proton emitters, the classical turning points r in cannot be obtained through solving equation V (r in ) = Q p due to the fact that the depth of V (r) is located above the proton radioactivity energy Q p . These 7 versions of proximity potential formalisms, which can be used to calculate the half-life of proton radioactivity, are expressed as follows:
The proximity potential Bass73
Based on the liquid drop model [34, 35] Bass obtained the nuclear potential with the difference in surface energies between finite and infinite separation ξ. It is labeled as Bass73 and expressed as
where γ is the specific surface energy of the liquid drop model. d = 1.35 fm is the range parameter. a s = 17.0 MeV represents the surface term in the liquid drop model mass formula. The sum of the half-maximum density
2 ), where r 0 = 1.07 fm, R 1 , A 1 and R 2 , A 2 are the radii and mass numbers of daughter nucleus and emitted proton, respectively.
The proximity potential CW76
By analyzing the heavy-ion elastic scattering data, Christensen and Winther [38] gave the empirical nuclear potential. It is labeled as CW76 and expressed as
with radius
The universal function
).
The proximity potential Denisov
Denisov presented a expression for the nuclear potential part of ion-ion interaction potential by choosing 119 spherical or near spherical even-even nuclei around the β-stability line in the semi-microscopic approximation between all possible nucleus-nucleus combinations [41] . This proximity potential is labeled as Denisov and written as
here I 1 and I 2 are isospin asymmetry of daughter nucleus and emitted proton obtained by
denote the neutron number, proton number and the effective nucleus radii of daughter nucleus and emitted proton, respectively. The effective nucleus radii can be obtained by
with proton radius R ip calculated by
2.2.4 The proximity potential Denisov DP The proximity potential Denisov DP formalism is the modified version of Denisov which uses a more precise radius formula given by Ref. [58] and expressed as (16) 2.2.5 The proximity potential Guo2013
By using the double folding model with densitydependent nucleon-nucleon interaction and fitting the universal functions of many reaction systems, Guo et al. presented a new universal function of proximity potential model [42] . This proximity potential is labeled as Guo2013 and expressed as
where the diffuseness of nuclear surface b is taken as unity, the surface coefficient γ can be obtained by
here N , Z and A are neutron, proton and mass numbers, respectively, of the parent nucleus. R 1 and R 2 can be given by
The universal function φ(ξ) is expressed as
where ξ = [58] . It is labeled as Prox.00 DP [25] and expressed as
where the mean curvature radiusR can be obtained bȳ
here C 1 and C 2 denote the matter radii of daughter nucleus and emitted proton, respectively. Based on the droplet model, they can be given by
where c 1 and c 2 are the charge distribution half-density radii of daughter nucleus and emitted proton. They can be expressed as
with the nuclear charge radius [58] R i = 1.2332A
Based on the droplet model [59] , the neutron skin of daughter nucleus t 1 can be given by
where r 0 = 1.14 fm, the nuclear symmetric energy coefficient S = 32.65 MeV, and g = 0.757895 MeV. Q = 35.4
MeV is the neutron skin stiffness coefficient. In this work t 2 = 0. The surface energy coefficient γ can be obtained by
The universal function φ(ξ) is expressed as Using a suitable set of the surface energy coefficient γ, nuclear charge radius R i and universal function φ(ξ), Dutt and Bansal [44] presented another modified version of proximity potential Prox.00 [43] . It is labeled as the proximity potential Prox.2010 and expressed as
here the width parameter b is taken as unity. The surface energy coefficient γ is taken from Ref. [26] and expressed as
where the surface energy constant γ 0 = 1.25284 MeV/fm 2 and surface-asymmetry constant k s = 2.345 are given by Ref. [60] . The mean curvature radiusR, matter radius C i , half-density radius of the charge distribution c i , nuclear charge radius R i and neutron skin of daughter nucleus t 1 are the same as Eq. (22) Prox.77-5
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Prox.77-7
Prox.77-8
Prox.77-9
Prox.77-10
Prox.77-11
Prox.77-12
Prox.77-13 The aim of the present work is to perform a comparative study of various proximity potentials when they are applied to the proton radioactivity of spherical proton emitters. We find that for these 21 versions of proximity potentials formalisms: Bass77 [36] , Bass80 [37] , BW91 [37] , AW95 [39] , Ngô80 [40] , Prox.77 [23] and its 12 modified versions [26] [27] [28] [29] [30] [31] [32] [33] , Prox.81 [24] , Prox.00 [43] and Dutt2011 [45] are not suitable to calculate the proton radioactivity half-lives. In those cases, the classical turning points r in cannot be obtained through solving equation V (r in ) = Q p due to the fact that the depth of the total interaction potential V (r) between the emitted proton and the daughter nucleus is above the proton radioactivity energy Q p for some proton emitters. Let us consider 145 Tm as an example. Fig. 1 shows the total interaction potential V (r) obtained from those 21 proximity potentials mentioned above. From this figure, we can clearly see that all the depths of V (r) are above the Q p . It indicates that the aforementioned 21 versions of proximity potential formalisms are inappropriate for dealing with proton radioactivity. In the remainder of this paper, we will investigate the proton radioactivity half-lives by using the other 7 versions of proximity potential formalisms i.e., Bass73 [34, 35] , CW76 [38] , Denisov [41] , Denisov DP [25] , Guo2013 [42] , Prox.00 DP [25] as well as Prox.2010 [44] , and give the most suitable one in aspect of calculating the proton radioactivity half-lives.
The experimental data and calculations are summarized in Tables 1 and 2 . In these tables, the first and second columns denote the proton radioactivity transition from the parent nucleus to daughter nucleus and the experimental proton radioactivity energy. The third and fourth columns represent the spin-parity transition from initial state to final state and the minimum angular momentum taken away by the emitted proton. The fifth column is the experimental proton radioactivity half-life denoted as T exp 1/2 . The calculated proton radioactivity half-lives by using the proximity potentials Bass73, CW76, Denisov, Denisov DP are respectively listed in the last four columns of Table 1 and denoted as T . The calculations by adopting the the proximity potentials Guo2013, Prox.00 DP, Prox.2010 are respectively given in the last three columns of Table 2 and denoted as T . Experimental proton radioactivity half-lives, spin and parity are taken from the latest evaluated nuclear properties table NUBASE2016 [61] , the proton radioactivity energies are taken from the latest evaluated atomic mass table AME2016 [62, 63] .
From Tables 1 and 2 , we clearly see that various calculations predict very different half-lives, and that T can in general reproduce the experimental values in magnitude. Based on our comparative analysis we can explore what particular feature of a given potential impacts these differences between various theoretical calculations, as well as differences between theory and experiment. From Section 2.1 we can find that proton radioactivity half-life can be obtained by the assault frequency ν, which is dependent on proton radioactivity energy Q p , and barrier penetration probability P , which is related to the total emitted proton-daughter nucleus interaction potential V (r) and Q p . However, for a given proton emitter, Q p and the centrifugal barrier are fixed. Therefore, these are various versions of the nuclear potential, V N (r), and of the Coulomb potential, V C (r), which cause the differences between calculated half-lives. In order to verity this conclusion, taking
145 Tm for instance, we plot its 7 versions of total emitted proton-daughter nucleus interaction potential distributions in Fig. 2 . From this figure, we can find that for various versions of V (r) the values of r out are the same, while the values of r in are different. Moreover, the heights of V (r) are different. The minimal value of r in and highest height of V (r) in the CW76 formalism caused the minimum barrier penetration probability P .
is the maximum calculation in Table 1 Table 3 . We find that the values of σ for Bass73, CW76, Denisov DP, Prox.00 DP and Prox.2010 are large. This indicates that these five proximity potentials are not suitable to deal with the proton radioactivity of spherical proton emitters. For Denisov and Guo2013 the calculations can conform to the experimental data in magnitude. However, the value of σ for Guo2013 is minimum. It demonstrates that the Guo2013 formalism can be adopted to obtain the most precise calculations of proton radioactivity halflives of spherical proton emitters. In addition, Santhosh and Sukumaran studied the proton radioactivity halflives using the CPPM and CPPMDN [16] . In this work, we calculated the standard deviations between their calculations within two theoretical models and experimental data of spherical proton emitters. The standard deviations for CPPM is less than CPPMDN (σ CPPM = 1.206, σ CPPMDN = 1.229). This is consistent with their conclusion i.e., the calculated proton radioactivity half-lives by CPPM can better reproduce the experimental data than ones calculated by CPPMDN on the whole.
As an application, we use the proximity potential Guo2013 formalism to predict the proton radioactivity half-lives of 13 spherical proton emitters, whose proton radioactivity is energetically allowed or observed but not yet quantified in NUBASE2016 [61] . The predicated results are listed in Table 4 . In this table, the first four columns are same as Tables 1 and 2 . The fifth one is the predicted proton radioactivity half-life within proximity potential Guo2013 formalism also denoted as T Guo2013 1/2 . The spin and parity are taken from the NUBASE2016 [61] , the proton radioactivity energies are taken from the AME2016 [62, 63] . Based on the σ = 0.569 of Guo2013 for 27 nuclei in the same region with predicted proton emitters, thus the predicted proton radioactivity halflives are within a factor of 3.71.
Recent research has shown that the Geiger-Nuttall law can be used to describe the proton radioactivity isotopes with same angular momentum [16] . In order to test our predictions, we plot the linear relationships between log 10 T Table 4 . From Fig. 5 , we can find that the log 10 T . It is demonstrated that our predictions are credible. Table 1 . Calculations of proton radioactivity half-lives using the proximity potential formalism Bass73, CW76, Denisov and Denisov DP. Elements with upper suffixes 'm' and 'n' indicate assignments to excited isomeric states (defined as higher states with half-lives greater than 100 ns). '()' means uncertain spin and/or parity. '#' means values estimated from trends in neighboring nuclides with the same Z and N parities. The experimental proton radioactivity half-lives, spin and parity are taken from the NUBASE2016 [61] , the proton radioactivity energies are taken from the AME2016 [62, 63] . All proton radioactivity half-lives and energies are in units of 's' and 'MeV'. Table 4 . Same as Table 1 , but for predicted radioactivity half-lives of spherical proton emitters, whose proton radioactivity is energetically allowed or observed but not yet quantified in NUBASE2016 [61] , within the proximity potential Guo2013 formalism. Table   2 and Table 4 , respectively.
Summary
In summary, we performed a comparative study of 28 versions proximity potential formalisms applied to proton radioactivity half-lives of spherical proton emitters. The calculations show that the proximity potential Guo2013 formalism gives the lowest rms deviation in the description of the experimental half-lives of the known spherical protons emitters. As an application, we predict the proton radioactivity half-lives of 13 spherical proton emitters, whose proton radioactivity is energetically allowed or observed but not yet quantified in NUBASE2016, adopting the proximity potential Guo2013 formalism. Our calculated half-lives differ from the experiment values by a factor of 3.71 on average. This work will be used as a reference for experimental and theoretical research in the future.
